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GEOMETRIC CHARACTERIZATION
OF STRONGLY NORMAL EXTENSIONS

JERALD J. KOVACIC

ABSTRACT. This paper continues previous work in which we developed the
Galois theory of strongly normal extensions using differential schemes. In the
present paper we derive two main results. First, we show that an extension
is strongly normal if and only if a certain differential scheme splits, i.e. is
obtained by base extension of a scheme over constants. This gives a geomet-
ric characterization to the notion of strongly normal. Second, we show that
Picard-Vessiot extensions are characterized by their Galois group being affine.
Our proofs are elementary and do not use “group chunks” or cohomology. We
end by recalling some important results about strongly normal extensions with
the hope of spurring future research.

INTRODUCTION

In [T7] we developed the theory of strongly normal extensions using tensor prod-
ucts and differential schemes. The present paper continues that work.

Let ¥ be a differential field of characteristic 0 with algebraically closed field of
constants C. Let G be a finitely differentially generated extension of F. The central
idea of [I7] is to study P = §®5 G and P = diffspec P. One of the more important
results is that if G is strongly normal over F, then P splits. This means that P,
as a differential scheme over G = diffspec G, is obtained by base extension from a
scheme over C' = spec C.

The first few sections briefly summarize some needed results from [I7] and then
we prove our first main result. We show the converse of the above, i.e. if G has
field of constants € and P splits, then G is strongly normal over F. This gives a
geometric interpretation to the notion of strongly normal extension.

Kolchin and Lang [I3] give a different characterization, namely that there exists
a model for the field extension § over F which is a torsor (principal homogeneous
space) for the Galois group. The proof requires use of Weil’s “group chunks” (as
extended by Rosenlicht [24]). In [I7] we were able to avoid use of this device. Here
too we do not use it.

Next we describe the Picard-Vessiot theory for partial differential fields. We need
to do this since most treatments in the literature restrict themselves to ordinary
differential fields. This is unfortunate. There is little added difficulty in treating
the partial case. Also, one can find in the literature at least six different definitions
of Picard-Vessiot extensions, thus one is almost forced to restate the definitions in
every paper. We choose the one from Kolchin’s book [I1].
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Our goal is not to give yet another presentation of Picard-Vessiot theory, so our
treatment is brief. Instead we concentrate on proving our second main theorem. It
states that a strongly normal extension is Picard-Vessiot if and only if its Galois
group is affine. This was first shown by Kolchin ([9, Theorem 2, p. 891]). However,
his proof requires knowing that Galois cohomology of the general linear group
is trivial and that this implies that the rational cohomology is also trivial. Our
proof is more elementary; it relies on a few simple theorems about almost constant
differential rings from [I7, Section 5, p. 4482].

Examples of strongly normal extensions are not easy to find. Picard-Vessiot
extensions are certainly strongly normal. There is only one other explicit example
in the literature, namely Example 2771 The reason for this may be because the
theory has not yet been extensively studied. We hope that this paper, and its
predecessor, will encourage further research.

To that end, we summarize some important results in the last few sections. The
Chevalley-Barsotti theorem (Proposition T2:2]) leads to a tower of A-fields consisting
of a finite (Galois) extension, a Picard-Vessiot extension, and one generated by
abelian functions. Thus a strongly normal extension decomposes into three parts,
two of which have been extensively studied.

There is a “factory” for creating strongly normal extensions: the logarithmic
derivative. In Section we give the definition and state results. Unfortunately
the references for these results use Weil style algebraic geometry; they await mod-
ernization. The next section applies this to the case of hyperelliptic Jacobians.

In Section [I5] we state Kolchin’s theorem which asserts that every connected al-
gebraic group is the Galois group of some strongly normal extension. Thus strongly
normal extensions are abundant. Unlike Picard-Vessiot extensions, however, one
cannot simply start with a (non-linear) differential equation and produce a strongly
normal extension. The first Painlevé transcendent gives a counterexample. There
has been some work to determine what property of a differential equation ensures
that a solution is contained in a strongly normal extension. We give some references
in Section

1. NOTATION

We assume familiarity with [I7]. For the basic notions of differential algebra,
see Kolchin [1I], Kaplansky [5], Magid [18] or van der Put-Singer [29]. Except for
[11] and an appendix of [29], these books restrict themselves to ordinary differential
fields. We do not. The bibliography in [29] is especially recommended; it has almost
300 entries. For the Galois theory of strongly normal extensions we use the methods
and notation of [I7]. For more information about diffspec see [16].

The set of (commuting) derivation operators is denoted by A = {d1,...,0:,}.
The free commutative monoid on A is denoted by ©, thus an element § € © has the
form 6 = 67" --- 65 for some (unique) e; € N. The “identity derivation operator”
(e; = 0 for all ¢) is denoted by 1.

We use the prefix A in lieu of the word “differential”, e.g. A-ring, A-ideal, A-
field. The ring of constants of a A-ring R is denoted by R®. Throughout this paper,
F is a fixed A-field of characteristic 0 with algebraically closed field of constants
€ =92, and § is a finitely A-generated extension of F.

All A-rings are assumed to be algebras over &F, or over € if they are rings of
constants. In particular all A-rings are Keigher rings ([16, Definition 2.3, p. 73]),
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in fact even Ritt algebras. The following symbols will be used frequently in what
follows:
P=5®sG, P = diffspec P,
and
G =diffspec§, F =diffspecF, C = diffspecC = specC.

2. STRONGLY NORMAL EXTENSIONS

Definition 2.1. By a A-isomorphism ¢ of § over ¥ we mean a A-homomorphism
(necessarily injective) of G into some A-extension of § with o |F = id.

Definition 2.2. Let o be a A-isomorphism of G over F. Define
7:P—GloG] by od(a®b)=aoch, and
P, = kera.

Evidently p, is a prime A-ideal of P. By [I7, Proposition 6.4, p. 4485], every
prime A-ideal of P is of this form.

Definition 2.3. Let G be a finitely A-generated extension of . Then G is strongly
normal over F if every A-isomorphism o of § over F satisfies
(1) 0]G» =id and
(2) G0G = GC(0) = 0GC(), where C(a) = (Go3)2.
It follows by [I7, Proposition 12.2, p. 4489] that G& = C.

Proposition 2.4. Suppose that G° = € and that every A-isomorphism o of §
over F satisfies
0§ C §D,,

where D, is some field of constants. Then G is strongly normal over F.

Proof. [17, Proposition 12.15, p. 4490]. O

Definition 2.5. If G is strongly normal over ¥, the group of all A-automorphisms
of G over ¥ is called the Galois group of G over JF and is denoted by Gal(G/F).

By [I7, Corollary 14.4, p. 4494], o € Gal(G/¥) if and only if p, is a maximal
A-ideal. Thus Gal(G/F) is canonically identified with the set of closed points of P.

In the following simple examples we restrict our attention to ordinary A-fields
(m = 1) and denote the derivation by ’.

Example 2.6. Picard-Vessiot extensions are strongly normal. For the case of par-
tial A-fields see Proposition Here we define G to be a Picard-Vessiot extension
of F if
(1) §% =¢,
(2) § = Fw), where w = (w1, ...,wy) is a fundamental system of solutions of
a linear homogeneous differential equation

L(y) = y™ + a1y + -+ agy = 0.

Let 0 be a A-isomorphism of § over F into some A-extension field € of §. w is a
fundamental system of solutions of L(y) = 0 in €, and each ow; is also a solution
of L(y) = 0. Therefore ow; is a linear combination wy,...,w, over D, = 2. By
Proposition 2.4, §G is strongly normal over F.

The Galois group of G over JF is affine, and therefore isomorphic to a subgroup
of GLe(n). See also Proposition
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Example 2.7. Elliptic extensions are strongly normal. Let E C P? be the non-
singular elliptic curve with Weierstrafl equation

Y2Z = X3+ au X Z% + agZ3, a4, a6 € C.
Here we are using the notation of Silverman [25, Section 1, p. 46].

Definition 2.8. A A-extension field G of F is elliptic if

(1) §% =¢,
(2) G =F(n), where n'? = (0> + asn + ag) for some a € F.

If F = C(z), with 2/ = 1, then F(p(52)) is an example (with o = 1). Kolchin [3,
section 6, p. 227] generalizes our definition to partial A-fields, however for him the
coefficient of X3 is 4 and he calls the element n Weierstrassian.

Let o be a A-isomorphism of G over F, o # id. Then [on,on'/a, 1] and [, 7' /a, 1]
are two elements of F, and we may form their difference [c, d, 1]. Using the formulas
of Silverman [25, Group Law Algorithm 2.3, p. 58] we have

1 /' +on'\2
=L (LY o,
« n—on
d:_l(M) L Lnon' +n'on
a\n—on o n—aon

We claim that ¢ and d are constants (of Go§G). Using the differential equation

n'? = a(n® + a4n + ag), we compute

a/
=0+ a5’ + ).
Next we compute
RPNy o +on
(U) — _U+%a2(n+gn).
n—on a n—on

From these formulas, we get that ¢/ = 0. d is also a constant since d = ¢>+asc+ag.
The formula

[0777 0'77//@7 1] = [77, 77//04’ 1] + [Cv d, 1]

gives
d—1n'/a\?
on = (7n/a) e,

which, using Proposition 2.4] shows that G is strongly normal over F.
The Galois group is a subgroup of the C-rational points of E. In fact it is easy
to see that the mapping

o le,d, 1], id+— [1,0,0]

gives an injective homomorphism of Gal(G/%F) into the subgroup of C-rational points
of E. The details are worked out in [I7, Example 29.2, p. 4511] in the special case
where oo = 1. The general case is similar.
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3. DIFFERENTIAL SCHEMES

Definition 3.1. Let R be a reduced A-ring and let X = diffspecR. The local
ringed space of constants, denoted by X2, is defined as follows:

(1) The topological space X2 is the same as that of X.

(2) If U € X2 is open, then

Oxa(U) =0x(U)A.
In general X2 is only a local ringed space, not a scheme. The stalk © xa, is

isomorphic to (R,)%, but not necessarily to (R%),a. For details see [17, Section
26, p. 4508].

Definition 3.2. Let R be a reduced A-ring and let X = diffspec R. We say that
X splits if there is a scheme Y over C' such that
X~=GxcY,
as A-schemes over G.
If X splits, then, by [I7, Proposition 28.2, p. 4510], X is a scheme and X2 ~ Y.

Note that X2 need not be affine; for an example see [I'7, Section 29, p. 4511]. Indeed
X2 is an affine scheme if and only if R is almost constant, i.e. the inclusion

RECR
induces a bijection between the set of radical A-ideals of R and radical ideals of
RA ([I7, Proposition 27.1, p. 4509]).

4. CHARACTERIZATION OF STRONGLY NORMAL EXTENSIONS

In this section we show that G is strongly normal over F if and only if P splits,
thus giving a geometric characterization to the notion of strongly normal extension.
The “heavy lifting” was done in [I7]; the proof here simply makes use of results
from that paper.

Theorem 4.1. Let G be a finitely A-generated extension of F with G2 = €. Then
G is a strongly normal extension of F if and only if P splits.

Proof. If G is strongly normal over F, then P splits by [I7, Theorem 33.2, p. 4516].
Conversely, suppose that P splits. Let o be any A-isomorphism of § over ¥ and
set p = p,. By hypothesis, there exists an isomorphism

f:P—Gx¢P?

over G. Let ¢ = f(p). Choose an affine open subset U C P* such that q € G xc U,
say U = specD, where we think of D as a A-ring of constants. Then

G x¢ U = diffspec(§ ®e D).
The isomorphism f induces an isomorphism of stalks
fF:(S@eD)g — Py.
We also have a surjective homomorphism
op: Py — 50§
induced by 7: P — G[G], and the composition

1¥ Tp

Py

g: (S®e D)q Go§
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is a surjective A-homomorphism. Let D, = g(1 ®e D), so that D, is a field of
constants. Since every element of Go§ is the quotient of elements of

9(9 ®€ D) = 9[@0];

we can apply Proposition [Z4] to conclude that G is strongly normal over F. O

5. LOGARITHMIC DERIVATIVE OF MATRICES

In this section we summarize facts about the logarithmic derivative of matrices
for partial A-fields. This will be the basis of our definition of Picard-Vessiot ex-
tension. For the generalization to non-matric groups see Section [[31 Most of the
results cited are easy computations, so we merely hint at the proofs.

Definition 5.1. If n € Matg(n), then d;,n € Matg(n) (i = 1,...,m) is the matrix
formed by applying d; to each coordinate of n, i.e. (0;1);x = d;(n;x). If n € GLg(n),
then

toin = dmn~"' € Matg(n)
is called the logarithmic derivative of n with respect to d;.
Using the product rule on §;(nm~1) = §;(id) = 0, we get
Si(n~ ") = —n"tomn .
From this and the fact that the derivations commute, we get
6i(€0;m) — 0;(€din) = [€d;n, Lo;n] = Loim Lo;m — LomLon (1 <4, < m).

Definition 5.2. The C-vector space of all A = (44,...,A4,,) € Matg(n)™ that
satisfy the integrability conditions

0;A; —0;A; = [A;, Aj] (1<i,j<m)

is denoted by Ig(n).

Definition 5.3. If € GLg(n), then
lAn = (Lo1m, ..., L5mm) € Ig(n)

is called the logarithmic derivative of 7.

Observe that the group GLg(n) acts on Ig(n) by conjugation

nAn~ = (A nAnn )

and that ¢A: GLg(n) — Ig(n) is a crossed homomorphism, i.e.
(A(€) = tAn +n Ay~

This formula is sometimes called the gauge transformation.

Proposition 5.4. (An = (A if and only if € =nc for some ¢ € GLga(n).

Proof. Compute (A(n~1E). O
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The next proposition asserts a kind of surjectivity.

Proposition 5.5. Let A € I5(n). Then there exists a A-extension field G of F
and 1 € GLg(n) such that tAn = A and G* = C.

Proof. Let X = (X,i)1<j.k<n be a family of indeterminates over F. Extend the
derivations on ¥ to F[X] by defining

§iX = A X,

where A = (Ay,...,A,). Since A satisfies the integrability conditions, these
derivations commute. Next, extend the derivations to the ring R = F[X, (det X)~!]
using the quotient rule. Let m be a maximal A-ideal of R, § = qf(R/m) and let n
be the image of X. Since R/m is A-simple, §® = @, by [I7, Proposition 13.7, p.
4491]. Evidently fAn = A. O

The next two propositions will be used in subsequent sections.

Proposition 5.6. (A(detn) = tr(¢An).

Proof. Here tr acts coordinate-wise on Ig(n), producing an element of Ig(1), and
(A maps GLg(1) into Ig(1). Let G, be an algebraic closure of § and choose T €
GLg, (n) such that £ = TnT~! is upper triangular. We know that det& = detn,
and it is easy to compute that tr(¢A¢) = tr(¢An) using the gauge transformation
formula. Thus we may assume that 7 is upper triangular. But in that case the
formula of the proposition is immediate. O

Suppose that M, N € Matg(n). Define M @ N € Matp(n) by the formula

(M@N)jk:ZMjr@)NrkEfP.

r=1
Another way of writing this is
M11®1 M1n®1 1®N11 1®N1n
M®N = : : : :
Myl ... M,,®1 1®Np1 ... 1® Np,

Proposition 5.7. Suppose that n € GLg(n) satisfies tAn € I5(n). Then
z=n"'®n € Matgpa(n)

and

w=detn ® (detn)~! e PA.
Proof. Suppose that £§;n = A; € Matg(n) for i =1,...,m. Then
iz =—n ot @n+nTt @& =—n"tAi@n+nt @ Ain=0.

For the second formula, use Proposition 5.6, or compute det(z71). O
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6. PICARD-VESSIOT EXTENSIONS

Most treatments of Picard-Vessiot theory restrict themselves to ordinary differ-
ential fields. However there are at least six different definitions of Picard-Vessiot
extension for partial differential fields: Kolchin [7, p. 599], Singer [26] p. 758],
Takeuchi [27, p. 492], Buium [3, Chapter I, Section 3, p. 17], van der Put-Singer
[29, Definition D.14, Appendix D] and Kolchin [I1l p. 410], which is the one we
shall use.

Definition 6.1. G is a Picard-Vessiot extension of J if there exists n € GLg(n),
for some n € N, such that

(1) tAn € I5(n),

(2) § =) =F),

(3) G2 =¢C.

When we write a Picard-Vessiot extension in the form § = F(n) we implicitly
mean that n € GLg(n) and ¢An € I5(n).

Proposition 6.2. A Picard-Vessiot extension of F is strongly normal over F.

Proof. Write § = F(n). Let o be a A-isomorphism of G over F and let D = (G0 G)2.
Because fAcn = olAn = ¢An, Proposition 5.4 gives the existence of ¢ € GLp(n)
with on = en. O

By [17, Proposition 13.8, p. 4492], there exists a A-simple subring R C § with
G = qf R. In the case of a Picard-Vessiot extension we can explicitly find that ring.

Proposition 6.3. If § = F(n) is a Picard-Vessiot extension, then F[n,n~'] is
A-simple.

Proof. Let R = F[n,n~!] and let p C R be a prime A-ideal. Choose a maximal
A-ideal m C § ® R that contains § ® p and let

T:GOR - (GR)/m

be the quotient homomorphism. We identify § with the image of G ® 1, and let &
be the image of 1 ® 7, so that

(§®R)/m=Sl¢,¢7].
Note that the restriction

T l@R— F[E
is surjective and the kernel contains 1 ® p. We claim that it is an isomorphism, and
hence that p = (0).

Because m is a maximal A-ideal, G[¢,£7!] is A-simple, and, by [I7, Proposition
13.7, p. 4491],

5(6)% =6 =¢
Since lAn € I5(n), (AE = ¢An. Hence, by Proposition [5.4] there exists ¢ € GLe(n)
with & = ne. Therefore F[€, 7] = F[n,n~!], which proves our claim. O

Proposition 6.4. Let A € I5(n). Then there exists a Picard-Vessiot extension
G =F(n) with {An = A. Moreover, G is unique up to A-isomorphism over F.
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Proof. Existence is Proposition Suppose that F(§) is another Picard-Vessiot
extension with /A¢ = A. Let 8§ = F[£,£71] and let m be a maximal A-ideal of
G ® 8. Consider the quotient homomorphism

mG®8— (§®8)/m= 9[(@71}-

Since F[¢, (1] is A-simple, F(¢)® = €. By Proposition[5.4] there exists ¢ € GLe(n)
such that ¢ = nc, which implies that F[¢, (7] = F[n,n~]. However, by Proposition
63 1®8 — F[¢, (1] is an isomorphism, which makes F[n,n~!] isomorphic to
8 =9¢ ¢ O

In [I7, Section 33, p. 4516], we showed that P = diffspec P splits for any strongly
normal extension. However, the proof for a Picard-Vessiot extension is much easier
than the one given there.

Let § = F(n) be a Picard-Vessiot extension and set R = F[n,n!]. Then § is
the ring of fractions of R by the multiplicative set R*. By Proposition [6.3] R is A-
simple, which implies that R* consists of A-units ([I7, Proposition 13.4, p. 4491]).
We have

P=9®s55= (505 R)[1@R)] = (Res R)[(R"@R")™"],
so, by [17, Proposition 22.2; p. 4502],
P = diffspec P = diffspec(G @5 R) = diffspec(R @7 R).

These isomorphisms illustrate an anomaly for A-schemes: diffspec(R ®4 R) is a
A-scheme over G even though R ®4 R is not a G-algebra.

Proposition 6.5. If G = F(n) is a Picard-Vessiot extension and R = F[n,n~1],
then

(R @4 R)A = P2,
Proof. For v € P we define
a={beR|(1®b)yec xR}

Because 7 is a constant, a is a A-ideal. But R is A-simple, so a = (1) and therefore
v € §®g R. Using a similar argument we conclude that v € R ®4 R. O

Proposition 6.6. R @5 R = (R @5 1)[PA].
Proof. We have R = F[n,n~1] = F[n, (det n)~!]. By Proposition (.11
1@n=MnN®1)z and 1® (detn)™! = ((detn) ' @ Dw.
(]

Proposition 6.7. §®g R is almost constant, and hence P> is an affine scheme.
Moreover P =~ specP? = spec(R @5 R)A.

Proof. The first statement is [I7, Corollary 5.8, p. 4484], the remainder is [I7],
Proposition 27.1, p. 4509]. O

In Theorem we shall prove the converse of this proposition. The A-coring
structure on P that is described in [I7), Section 16, p. 4494] restricts to R ®5 R and
then further to (R ®g R)® = PA. This makes P> into a Hopf algebra. We leave
the details to the reader.
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7. LINEAR DIFFERENTIAL EQUATIONS

An alternative approach to the Picard-Vessiot theory is to use linear ideals of
finite linear dimension, as in Kolchin [I1], p. 150]. For the ordinary case this means
considering a linear homogeneous differential equation. The cyclic vector theorem
(see, for example, Churchill-Kovacic [4]) allows us to translate from one formulation
to the other. A similar situation exists in the partial case. We assume that F does
not consist of constants alone, specifically that F contains an element whose d;
derivative is not 0.

Given a fundamental system of zeros of a linear differential ideal of finite linear
dimension, one can form a generalized Wronskian matrix as in Lemma [82] (below)
or Kolchin [I1, Corollary 3, p. 153]. This gives the matrix n with (An € Ix(n).

Conversely, suppose we are given n € GLg(n) with /An = A. By [4 Cyclic
Vector Theorem, p. 200] there exists T € GLg(n) such that

05,(Tn) =6, T+ T AT = oor e :
ao aq as . Gp—2 1
This implies that & = T has the form
gl PPN gn
g o Oign
5 - : : )
5?7191 . 5?*1971

where g1,...,9, € § = F(n). Note that £ is an “ordinary” Wronskian matrix in d;
alone. Hence g1, ..., g, are solutions of the ordinary differential equation

Sy = ap_167 'y + -+ a1d1y + agy .

If the first row of é(SJT + TA] T_l is (bj,O bj,l ce bj’n,1)7 then g1,...,9n are
solutions of

6oy = b 107ty + -+ ba101y + ba oy,

Omly = bmyn,lﬂkly + o by, 101Y + b oy

Thus we get one equation of n*® order in 6; alone, and n— 1 equations of first order
in the other derivatives.

8. PICARD-VESSIOT ELEMENTS

In this section G is a strongly normal extension of F (not Picard-Vessiot). If S
is any subset of G, then F|S| denotes the F-vector subspace of § spanned by S.
If g € G, then F|Og| denotes the F-vector space spanned by Og = {fg | § € ©}.
Similarly, C|S| denotes the C-vector space spanned by S and €| Gal(G/F)g| the C-
vector space spanned by Gal(§/F)g = {og | o € Gal(§/F)}. In general these vector
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spaces are infinite dimensional. We are interested in the conditions that they be
finite dimensional. We start with a “well-known” lemma about Wronskians.

Lemma 8.1. Suppose that ay,...,a, € G are linearly independent over C. Then
there exist 01,...,0, € ©, with 0, = 1, such that

det(@iaj)lgi,jgn 75 0.
Proof. This is a special case (r = 1) of Kolchin [T, Theorem 1, p. 86]. O

One can restrict the 6; to have order smaller than . This gives the usual Wron-
skian in the ordinary (m = 1) case.

Lemma 8.2. Let g1,...,9- € § and suppose that C| Gal(G/F)g1,...,Gal(5/F)g,|
has finite dimension over C with basis ai,...,a,. Then there exist 01,...,0, € O,
with 01 = 1, such that

n = (6;a;)1<ij<n € GLg(n) and lAn € I5(n).

Proof. The existence of 7 € GLg(n) follows from the previous lemma. For any
o € Gal(G/F) there exists ¢(o) € GLe(n) such that

aaj:Zaicij(a) (le,,n)
i=1

Therefore

on = 1c(o)
and hence ofAn = ¢Aon = ¢Arn. This being true for every o € Gal(§/F), we
conclude that ¢An € I5(n) ([I'7, Proposition 15.3, p. 4494]). O
Lemma 8.3. Suppose that ay,...,a, € G are linearly independent over F. Then

there exist o1,...,0, € Gal(§/F), with o1 = id, such that
det(oia;)1<ij<n 7 0.

Proof. The condition that o7 = id is a “red herring”, if o1 # id we could simply
apply o7 ! to each coordinate of the matrix.

We use induction on n. The case n = 1 being trivial, we suppose that n > 1
and that the result is proven for n — 1. By the induction hypothesis there exist
O1y-..,0n—1 € Gal(G/F), with o1 = id, such that

det(aiaj)lgingn_l 7& 0.

Suppose that

g1a1 010y
det : : =0
Op—1Q1 ... Op—10n
agay Oy

for every o € Gal(G/%F). The columns of the matrix are linearly dependent, so there
exist by,...,b, € G, not all 0, with

n—1
bpo;a, = ijaiaj fori=1,...,n—1, and
j=1
(8.1) o
bnaan = ijoaj.
j=1
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The first set of equations, in matrix form, is
g1a1 010np—1 b1 g1an
=b,
Op—1Q1 ... Op—10n—1 bn—l Op—10n
Since the matrix on the left is invertible, we cannot have b,, = 0, so we may assume

that b, = 1. Also by,...,b,_1 are determined by this equation and therefore are
independent of o.

For any 7 € Gal(§/F) we may successively set 0 = 7710, i = 1,...,n— 1, to
get
n—1
oian = 7(0a,) = Z Thjo;a;.
j=1
Therefore
n—1
Z(Tbj—bj)diajzo forizl,...,n—l.
j=1

This implies that 7b; = b; for every 7 € Gal(§/F). Therefore, by [17, Proposition
15.3, p. 4494], b; € F. Because o1 = id, Equation (1)) (with ¢ = 1) shows that
ai,...,a, are linearly dependent over F, which is a contradiction. O

Proposition 8.4. For g € G the following are equivalent:

(1) F|©g| has finite dimension over F.
(2) C|Gal(5/F)g| has finite dimension over C.
(3) 1@ g€ (S®1)[PA].

Proof. (1) = (2). Suppose that F|Og| has basis aq,...,a,. For any 61,...,0,41 €
O there exist f; € F with

0ig=> fwax  (i=1,...,n+1).
k=1
Hence, for any o1, ...,0,41 € Gal(§/F),

Giajgzajﬁig:Zfikajak (1§27]§n+1)

k=1
In matrix form this is
910'19 910n+lg fll fln g1aq Opn4+101
9n+1019 B 9n+10n+lg fn+1,1 ... fn+1,n 010np cee Opn4+10n

Since the ranks of the matrices on the right are no bigger than n,
det(0i0j9)1<ij<nt1 = 0.

It follows from Lemma BTl that o1g,...,0,419 are linearly dependent over C.
(2) = (1). Let aq,...,a, be a basis of C|Gal(§/F)g|. For any o1,...,0,41 €
Gal(G/F) there exist ¢; € € with

n
Uigzzcikak (t=1,...,n+1).
k=1
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Hence, for any 64,...,0,41 € O,

n
O’Z‘ng = GjO'ig = Zcikﬁjak. (1 < i,j <n+ 1).
k=1

As above, this implies that
det(0ibjg)1<ij<nt1 = 0.

By Lemma R3] 619, ...,0,119 are linearly dependent over F.

(2) = (3). Let ay,...,a, be a basis of C|Gal(G/F)g| with a; = g and choose 1
satisfying the conditions of Lemma Note that n1; = g.

By Proposition £.7]

z=n"'®n € Matgpa(n),
hence
1@g=10m = ((n@1)2)n € (G 1)[P].
(3) = (2). Suppose that

n

1@g=> (4;®1)c; € (§@1)[P2].
1=1

For any o € Gal(§/9)
cg=7(l®g) = Z a;o(¢;).
i=1
Hence og is in the C-vector space spanned by a1, ..., ay,. (I

Definition 8.5. An element g € G is Picard-Vessiot over F if it satisfies the equiv-
alent conditions of Proposition [R:4l

Another characterization is that g is a zero of a linear A-ideal of finite linear
dimension; see Kolchin [T}, Section 5, p. 150].

Proposition 8.6. Let n € GLg(n) be such that {An € Igy(n). Then each n;j
(1 <i,j <n)is Picard-Vessiot over F and so is (detn)~!.

Proof. Proposition B.71 O

9. PICARD-VESSIOT RING

In this section § is a strongly normal extension of F. By Proposition (3), the
set of all Picard-Vessiot elements of G over F is a A-ring,.

Definition 9.1. The A-ring of all elements of § that are Picard-Vessiot over JF is
denoted by V = V(G/F). The field of quotients of V is denoted by L = L(G/F).

Proposition 9.2. $®5V = (G5 1)[P2] ~ G @ PA.

Proof. The equality comes from Proposition [84] the isomorphism from [I7, Propo-
sition 2.1, p. 4479). O

The following two propositions generalize Propositions and

Proposition 9.3. V is A-simple.
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Proof. Let a C 'V be a non-zero A-ideal and let g € a with g # 0. Choose a basis
ai,...,a, of C|Gal(§/F)g| with a; = g and, by Lemma B2 64,...,0, € © with
01 = 1, satisfying

n= (Oiaj)1§i,j§n S GLg(n) and KAT] € Ig,t(n).

By Proposition B8] each 6;a; is in V. Using Kramer’s rule on the first column, we
see that detn € a. But, by Proposition 86| (detn)~' €V, s0 1 € a. O

Proposition 9.4. P2 = (V@ V)4,

Proof. Let ¢ € P*. Among all possible expressions

c:iai@)bi
i=1

we choose one with n minimal. It follows that aq,...,a, are linearly independent
over F and so are by, ..., b,. Using Lemma B3] choose oy, ...,0, € Gal(§/F) with

det(oia;) # 0.

For each ¢ = 1,...,n, define 7;,: P — P by 7;(a ® b) = 0,a @ b. Note that 7; is a
A-homomorphism, so 7;c € P2, We have

0'1(l1®]. alan®1 1®b1 T1C

opa1®1 - opa,®1 1® b, TnC

The matrix on the left is invertible, therefore
1ob € (§®1)[P2],
which means that b; € V. Similarly a; € V. O

10. CHARACTERIZATION OF PICARD-VESSIOT EXTENSIONS

As before, G is a strongly normal extension of F, V = V(§/F) and L = L(G/F) =
qf (V).

Proposition 10.1. L is a Picard-Vessiot extension of F.

Proof. By [17, Proposition 12.4, p. 4490], G is finitely generated over F as a field,
and therefore, by [22] Theorem 4.1.5, p. 99], so is L, say L = F(¢1,...,9-). We
may assume that gi,..., g, are in V and are linearly independent over €. Choose a
basis aq,...,a, of

€| Gal($/Fgu. . ., Cal(S/F)an|
with a; = g; for i = 1,...,7. Observe that a; € L for i = 1,...,n. By Lemma B2
there exist 61,...,6, € ©, with #; = 1 such that
n=(0ia;)1<ij<n € GLe(n)  and  (An € Iz(n).
Since ny; = a; = g; fori =1,...,r, L = F(n). We also have L» C G» = €, hence

L is a Picard-Vessiot extension of F. O

Proposition 10.2. If § = F(n) is a Picard-Vessiot extension of F, then V =
Fln,n~ .
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Proof. By Proposition (5.7
len=mnol)zc (§1)P

and
1® (detn)™! = ((detn) ™' @ Dw € (§® 1)[P2],

which shows that F[n,n~1] C V. By definition of V, and Proposition B.4]
S@VC(§aPc§eFnn ],
hence F[n,n~1] = V. O

Corollary 10.3. If G = F(n) is a Picard-Vessiot extension of F, then the A-ring
F[n,n~1] is independent of the choice of 1.

This means that if § = F(n) = F(&), then F[n,n~t] = F¢, £71]. The matrices n
and £ do not even need to be the same size!

Proposition 10.4. Let G be a strongly normal extension of F. Then L is the
largest Picard-Vessiot extension of F contained in §G.

Proof. Suppose that 3 = F(n) is a Picard-Vessiot extension of F that is contained
in §. By the previous proposition,

Fln.n~") = V(3/T) € V(G/F) C £,
hence H C L. O

Theorem 10.5. Suppose that G is strongly normal over F. Then the following are
equivalent:

(1) G is a Picard-Vessiot extension of &,
(2) P is almost constant,
(3) P2 is affine.

Proof. (1) = (2). By Proposition[6.0] § ®4 V is almost constant. But P is the ring
of quotients of § ®5 V by the multiplicative set 1 ® V*. By Proposition @3] V is
A-simple, and therefore, by [I7, Proposition 13.4, p. 4491], consists of A-units. [I7],
Proposition 5.4, p. 4483] implies that P is almost constant.

(2) = (1). Suppose that P is almost constant. We claim that § = £, which, by
Proposition [[0.1] is a Picard-Vessiot extension of F. For this it suffices to prove
that Gal(G/L) = {id}. Let o € Gal(G/L) and let p = p,. Then

P N(VRV)=piaN(VRV).
By Proposition @4, P2 € V ® V, therefore
o NP2 = pia NP2

Because P is almost constant, p, = pia. By [17, Propositions 37.3 and 37.4, p.
4521], o = id.
(2) & (3). [IT, Proposition 27.1, p. 4509]. O
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11. RELATIVE PICARD-VESSIOT CLOSURE

As before, § is a strongly normal extension of F, V = V(§/F) and L = L(G/F) =
qf (V). Proposition [[0.4] asserts that L is the largest Picard-Vessiot extension of F
contained in §. Here we show that £ has no proper Picard-Vessiot extensions in
G, thus L is the “Picard-Vessiot closure” of F in §. We do not have an elementary
proof of this, but rather rely on a structure theorem of Rosenlicht.

Proposition 11.1. Let X be an algebraic group defined over C. Then there exists
a connected normal algebraic subgroup D of X, defined over C, such that X/D
is linear and such that the kernel of any rational homomorphism of X to a linear
group contains D. Any rational homomorphism of D onto a linear group is trivial.

Proof. (We have used X rather than the traditional G since we have previously
defined G to be diffspecG.) The existence of D is Rosenlicht [24] Corollary 3, p.
431], the last statement is [24] Corollary 5, p. 440]. O

Proposition 11.2. D = Gal(G/L) is the smallest normal algebraic subgroup of
Gal(G/F) giving rise to a linear factor group.

Proof. It D' C D and L' is the fixed field of D’, then, by [I7, Theorem 20.5,
p. 4500], L is strongly normal over F and by Theorem [[0.5 L’ is Picard-Vessiot
over F. Hence, by Proposition I0.4 £’ C L. O

Proposition 11.3. L has no proper Picard-Vessiot extension in G.

Proof. Suppose that
FcLlcHCS

with H Picard-Vessiot over L. By [I7, Theorem 20.5, p. 4500], we have a surjective
homomorphism

D = Gal(§/L) — Gal(§/L)/ Gal(G/H) ~ Gal(H/L).
By Proposition [Tl Gal(H/L) = {1} so H = L. O

By Rosenlicht [24] Corollary 1, p. 433], we know that D = Gal(§/L) is commu-
tative, in fact central in Gal(G/F). Unfortunately we cannot conclude that D is an
Abelian variety, Rosenlicht [24, middle of p. 441] gives a counterexample.

If € is a Picard-Vessiot extension of ¥ and H is a Picard-Vessiot extension of
€, it does not follow that H is a Picard-Vessiot extension or even contained in a
Picard-Vessiot extension of F. Magid [19, bottom of p. 12] has an example with all
the details worked out. However, one might hope that H is contained in a strongly
normal extension of F. Even that is false.

Proposition 11.4. Suppose that € is a Picard-Vessiot extension of ¥, and H is a
Picard-Vessiot of €. If H is contained in a strongly normal extension of F, then
it is contained in a Picard-Vessiot extension of F.

Proof. If G is strongly normal over ¥ with H C G, then &€ C L = L(G/F) by
Proposition [0.4l By the previous proposition HL = L, so H C L. O
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12. ABELIAN EXTENSIONS

Definition 12.1. A strongly normal extension § over F is said to be abelian if
Gal(G/9) is an abelian variety.

The following is sometimes called the Chevalley-Barsotti structure theorem.

Proposition 12.2. Let X be a connected algebraic group over C. Then there exists
a linear connected normal algebraic subgroup L of X such that X/L is an abelian
variety.

Proof. Rosenlicht [24, Theorem 16, p. 439]. O

Thus, for any algebraic group, there is a chain of subgroups
XDX°D>LD1,

where X° is the connected component of the identity. If X is the Galois group of
a strongly normal extension G of F, we have a tower of fields

FcFcéEcCs

F° is a finite normal extension of F with Galois group X/X°, € is an abelian
extension of F with Galois group X°/L, and § is a Picard-Vessiot extension of &
with Galois group L. The first and third steps of this tower have been extensively
studied. But the middle step, and how the three fit together, are less familiar.

Kolchin [I0] characterizes abelian extensions using invariant differentials. An
updated version of that work would certainly use the logarithmic derivative, defined
in the next section. The following example is presented in [10, Section 3, p. 788].
Kolchin also proves that every abelian extension of C(z) is of this form.

Let X = C9/A be an abelian variety, where A is a non-degenerate lattice. Use
u = (uy,...,uy) for the coordinate functions on C9 and let fi(u),..., f,(u) be
generators of the field of functions meromorphic on C9 and periodic for A. Choose
meromorphic functions of one variable, a(z) = (a1(2),...,a4(2)), with the property
that

ai(z) € C(z), i=1,...,g.
Then
§=C(2)(fi(al2)), .-, fa(a(2)))

is a strongly normal extension of C(z) whose Galois group is a subgroup of (the
C-rational points of) X.

13. LOGARITHMIC DERIVATIVE

The logarithmic derivative of matrices, described in Section [B, extends to arbi-
trary integral group schemes of finite type over C' = spec C. This was done using
the Weil language of algebraic geometry in Kolchin [I1 Section 7, p. 418] and Ko-
vacic [15, Appendix, p. 532]. The logarithmic derivative in the setting of schemes is
defined by Buium [3], Section 3.15, p. 24]. However he does not prove much about
it, and to do so here would require more space than we are willing to use. Instead
we simply state the definition, following Buium, and then some results, follow-
ing Kolchin and Kovacic. Proofs (using Weil style algebraic geometry) are found
in the references cited above. A complete treatment in modern language awaits
development. The propositions here should be compared with those of Section
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Let § be any A-field containing F (and therefore €) and let X be an irreducible
group scheme of finite type over €. Let a be a G-valued point of X, which we can
identify with a closed point of Xg that is rational over §. We use the same symbol,
a. We write the canonical mapping Ox,.« — G as f — f(a).

For each ¢ = 1,...,m, we wish to define a tangent vector §; , to X at a, i.e. a
local derivation of Ox, o into G over §G. Let a, € X be the projection of a. Since
Oxg,qa is a ring of quotients of Ox 4, ®¢ G, it suffices to define the action of §; 4 on
Ox.a,-

Definition 13.1. For i = 1,...,m we let J; , be the local derivation of Ox, , over
G with the property that

whenever f € Ox q, .

Let Lieg(X) = Lie(Xg) denote the Lie algebra of right invariant derivations on
Xg. (Using right invariant derivations rather than left makes the formulas here
similar to those of Section [Bl)

Definition 13.2. For each i = 1,...,m, denote by £d;a the element of Lieg(X)
satisfying
(£6ia(f)) (@) = 6ia(f)-
Thus, (¢5;a(f))(a) = &;f(a) whenever f € Ox,,,. We can give Ox, a natural
structure of a sheaf of A-rings. Indeed, in the affine case X = specD,

Ox4(Xg) =D®e G,

which can be made into a A-ring by considering D to be a ring of constants. This
is what Buium [3] p. 4] calls the “trivial lifting” of A. It allows us to make Lieg(X)
into a A-vector space over C by defining

0i(A) =0, 0A— Ao, Aelieg(X), i=1,...,m.

Definition 13.3. The C-vector space of all A = (4y,...,A,,) € Lieg(X)™ that
satisfy the integrability conditions

0;A; —0;A; = [Ai, Aj] (1<4i,57<m)
is denoted by Ig(X).
If a is a G-valued point of X, then
Aa = (b41a,. .., Lona) € Ig(X).

Definition 13.4. If a is a G-valued point of X, then fAa = (¢dia,...,¢0pma) €
I5(X) is called the logarithmic derivative of a.

The group X acts on the Lie algebra by the adjoint operation and (A: Xg —
I5(X) is a crossed homomorphism, i.e.
lA(ab) = tAa + Ad(a)(CAD).
Proposition 13.5. (Aa = lAb if and only if b= ac for some c € Xga.
Since the residue class field k(a,) = Ox,q4,/Mx,q, is identified with a subfield of

G, we can define
Fla) = F(k(ao)).



STRONGLY NORMAL EXTENSIONS 4153

Proposition 13.6. Suppose that a is a G-valued point of X such that

(1) lAa € Ig‘(X),

(2) §=5(a),

(3) g4 =e.
Then G is a strongly normal extension of F, and there is an injective homomor-
phism of Gal(G/F) into the C-rational points of X.

G is called a X-primitive extension of F and a is an X-primitive.

Proposition 13.7. Let A € I5(X). Then there exists a A-extension field G of F
and a G-valued point a of X such that /Aa = A and G = C.

14. EXAMPLES OF STRONGLY NORMAL EXTENSIONS

Proposition [13.6] provides a factory for producing examples of strongly normal
extensions. The trick, of course, is to compute FA.

Example 14.1. Consider the elliptic curve of Example 27l As we had observed,
a =[n,n/a,1] is a G-valued point of E. We claim that it is an E-primitive over .

Let x = X/Z,y = Y/Z be the non-homogeneous coordinate functions (Silverman
[25, p. 46]). Then Lieg(FE) is generated, as a G-vector space, by

d
Yiz

This is “well known” and is verified computationally in Kolchin [I1 Example 3,
p. 328]. Let us write

d
06a = Ay—
a Y dz’
for some A € §. Then, using Definition [3.2] we have

A%/ = (Ayg—i)(a) = tléa(z)(a) = 6(z(a)) =1,

sothat A=a € F.

Example 14.2. Consider a hyperelliptic curve C of genus g
2g+1

v = f@) =4 [] (@ —en).
k=1

where eq,...,e9911 € C are distinct. Using Proposition we can construct
a strongly normal extension having the Galois group a subgroup of the abelian
variety Jac(C'), the Jacobian of C. (For an algebraic treatment of the Jacobian,
see Mumford [21I]. The appendix of Koblitz [6] is a nice introduction, although
the emphasis is on cryptography.) Mumford [2I, Theorem 3.1, p. 42] computes the
Lie algebra using analytic methods, and his answer is phrased in terms of certain
symmetric functions of x = (z1,...,24) and y = (y1,...,y,). We prefer expressing
the derivatives as (necessarily symmetric) functions of x and y themselves.
We use the notation

orp(@1,. . &iy. ., Tg) = E Ty, T,
1<j1 <<jr<g
J1F4 . Jk £l

for the the k-th elementary symmetric functions of g—1 variables, x; being omitted.
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Definition 14.3. For k =0,...,g — 1, define derivations Dy of C(x,y) over C by

Yi 0

9
Dy = ook (X1, By Tg) .
¢=Z1 ' ! Hj;éz‘(xi — x;) O,

It can be shown that Dy, are right invariant and form a basis of Lie(Jac(C)). Let
G be an extension of F and fix a point of Jac(C)g

a=(n,&)+ -+ (ng, &) — goo.
We wish to compute
léa € Lieg(Jac(C)),
ie. find Ag,...,A4—1 € § with

g—1
t6a =Y (~1)FArDy 1 4.
k=0
Using Definition (with f =x1,...,2,) it is not difficult to see that
g9 77/
A = —1772’-", k=0,...,9g—1.
ps

Proposition 14.4. Suppose that n;,&; satisfy

(1) fzzzf(;?i)foriZL...,g, and

/
@) A =Sk eF fork=0,....g—1.
i=1
Then F(ni,&1,...,ng,&)sym 15 a strongly normal extension of F whose Galois

group is a subgroup of Jac(C).

For g = 1 we have Ay = %' which can be rewritten as

= A3 =AY F(n).
This is the result of Example I41l For g = 2 we get

7711 775
Ag=" 2
0 & &

77/1 775
Ay = L+ 2p,
T n &o G

Example 14.5. Suppose that F = C(z), let u = (uy, ..., u4) be g complex variables
and define the hyperelliptic Kleinian g-functions

pij(u)v ]-SiajSQa

as in Baker [I p. 36] or Buchstaber et al. [2 p. 9]. Let z1(u),...,z4(u) be solutions
of the equation

P(X;u)=X9— pg,g(u)ngl — pg,g_l(u)Xg*2 — - —pg1(u) =0,
and define
OP(X;u)
Ouyg

yi(u) = ().
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Suppose that a = (a1(2), ..., a4(2)) are g functions of z, n, = z;(a) and & = y;(a).
Then, using Buchstaber et al. [2] p. 11],

66((771351) +ot (ngagg) - goo) = al(z)/DO +- a;(Z)Dg—l-
If we suppose that a;(z)" € C(z), then
§ = C(2) (1, §)sym = C(2)(pi5(al2))1<i,5<9)

is a strongly normal extension of C(z) whose Galois group is a subgroup of Jac(C).

15. EXISTENCE OF STRONGLY NORMAL EXTENSIONS

Galois groups of strongly normal extensions are quite abundant as the following
proposition shows.

Proposition 15.1. Let X be a connected algebraic group over C. There exist A-
fields F C G such that G is a strongly normal extension of F whose Galois group
s isomorphic to the group of C-rational points of X.

Proof. Kolchin [9, Theorem 2, p. 830]. O

Kolchin’s proof is quite intricate. It uses invariant derivations and surely can
(and should) be recast using the logarithmic derivative. Note that we do not fix F
in advance. To do so would be to solve the “inverse problem”, which, for strongly
normal extensions, is treated in Kovacic [14].

On the other hand, strongly normal extensions are not easily obtained from
equations. A linear homogeneous differential equation gives rise to a Picard-Vessiot
extension, but a non-linear differential equation need not give rise to a strongly
normal extension.

Example 15.2. Let F = C(z) and consider the first Painlevé equation
Y’ = 6y° + 2.

Proposition 15.3. If G is strongly normal over ¥ and n € G satisfies the first
Painlevé equation, then n is algebraic over F.

Proof. Nishioka [23], p. 63]. O

Corollary 15.4. Painlevé’s first transcendent is not contained in any strongly
normal extension of F.

Nishioka [23] and Umemura [28] have studied the question of which non-linear
equations have solutions in a strongly normal extension. They show that a non-
linear differential equation has a solution in a strongly normal extension if and only
if “the solution depends rationally on arbitrary constants”.

Matsuda [20] studies first order differential equations. He shows that a solution
is contained in a strongly normal extension if and only if the equation has “no
moveable singularities”. Buium [3] extended this work to arbitrary order. His defi-
nition of “no moveable singularities” is that there exists a projective model having
certain properties, however Example seems to indicate that his definition does
not correspond to the classical one.
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